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Abstract
Let (X,B) be a (λKv,G1)-design and G2 a subgraph of G1. Define sets B(G2) and D(G1 \ G2) as follows: for each block
B ∈ B, partition B into copies of G2 and G1 \ G2 and place the copy of G2 in B(G2) and the edges belonging to the copy of
G1 \ G2 in D(G1 \ G2). If the edges belonging to D(G1 \ G2) can be assembled into a collection D(G2) of copies of G2, then
(X,B(G2)∪D(G2)) is a (λKv,G2)-design, called a metamorphosis of the (λKv,G1)-design (X,B). For brevity we denote such
(λKv,G1)-design (X,B) with a metamorphosis into (λKv,G2)-design (X,B(G2) ∪ D(G2)) by (λKv,G1 > G2)-design. Let
Meta(G1 > G2, λ) denote the set of all integers v such that there exists a (λKv,G1 > G2)-design. In this paper we completely
determine the set Meta(K3 + e > P4, λ) or Meta(K3 + e > H4, λ) when the admissible conditions are satisfied, for any λ.
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1. Introduction
Let G and K be simple finite graphs, and let λK denote the graph K with each of its edges replicated λ times. A
λ-fold G-design of order v ((λKv,G)-design in short) is a pair (X,B), where X is the vertex set of λKv and B is a
collection of isomorphic copies (called blocks) of the graph G whose edges partition the edges of λKv . If λ = 1, we
drop the term “1-fold”. For terms not defined in this paper or results not explicitly cited the reader is referred to The
CRC Handbook of Combinatorial Designs [7].
Let (X,B) be a (λKv,G1)-design and G2 a subgraph of G1. Define sets B(G2) and D(G1 \ G2) as follows: for
each block B ∈ B, partition B into copies of G2 and G1 \ G2 and place the copy of G2 in B(G2) and the edges
belonging to the copy of G1 \ G2 in D(G1 \ G2). If the edges belonging to D(G1 \ G2) can be assembled into a
collection D(G2) of copies of G2, then (X,B(G2) ∪ D(G2)) is a (λKv,G2)-design, called a metamorphosis of the
λ-fold G1-design (X,B).
For brevity we denote such G1-design of λKv(X,B) with a metamorphosis into G2-design of λKv(X,B(G2) ∪
D(G2)) by (λKv,G1 > G2)-design, or (X,B,B(G2) ∪ D(G2)). Let Meta(G1 > G2, λ) denote the spectrum for
(λKv,G1 > G2)-designs, i.e. the set of all integers v such that there exists a (λKv,G1 > G2)-design.
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Recently the spectrum of Meta(G1 > G2, λ) has been determined for each pair (G1,G2) = (K3,3,C6), (4-wheel,
bowtie), (4-wheel, C4), (K4, K3), (K4, K3 + e), (K4,C4), (K4 + e, K4), and (K4 − e, K3 + e) with any λ by several
researchers (see [1–3,5,6,10,12,14]). For a brief history of further work on the metamorphosis of G-design, see the
introduction to [2]. Other recent papers on metamorphosis are included in [11,13,15,16].
In what follows we will denote the copy of K3 + e (kite) with vertices a, b, c, d containing the K3 (a, b, c) and
the dangling edge cd by (a, b, c) − d, and the copy of P4 with vertices a, b, c, d containing the edges {a, b}, {b, c},
{c, d} by (a, b, c, d). Suppose that B is a collection of isomorphic copies of the graph K3 + e. Define B∗ and DB
as follows: For each block (a, b, c) − d ∈ B, delete the edge {b, c} and place the copy of P4 in B∗ and the deleted
edge in DB. Further, let (X,B) be a (λKv, K3 + e)-design, then (X,B,B∗ ∪ B′) is a (λKv, K3 + e > P4)-design if
DB can be partitioned into a collection B′ of copies of P4. In this paper, we deal with Meta(K3 + e > P4, λ) for any
λ.
Necessary conditions: Recall that a (λKv, K3 + e)-design exists if and only if λv(v − 1) ≡ 0 (mod 8) (see [10]); a
(λKv, P4)-design exists if and only if λv(v − 1) ≡ 0 (mod 6) (see [9]). The following are the necessary conditions
for their existence:
(λKv, K3 + e)-design (λKv, P4)-design
λ (mod 4) > 0 v λ (mod 3) > 0 v
1, 3 v ≡ 0, 1 (mod 8) 1, 2 v ≡ 0, 1 (mod 3)
2 v ≡ 0, 1 (mod 4) 3 all v ≥ 4
4 all v ≥ 4
We require the intersection of those conditions for the possible existence of a (λKv, K3 + e > P4)-design, which
are as listed below.
λ (mod 12) > 0 v
1, 5, 7, 11 v ≡ 0, 1, 9, 16 (mod 24)
2, 10 v ≡ 0, 1, 4, 9 (mod 12)
3, 9 v ≡ 0, 1 (mod 8)
4, 8 v ≡ 0, 1 (mod 3)
6 v ≡ 0, 1 (mod 4)
12 v ≥ 4
Consequently in the subsequent sections we will deal with the set Meta(K3 + e > P4, λ) with the cases λ equal to
1, 2, 3, 4, 6, 12; to solve these cases we use the difference method (see [4,8]). Note that, throughout the paper, applying
the difference method gives cyclic or 1-rotational designs.
Let G = (V (G), E(G)) be a graph with V (G) ⊆ Zn and G + i = {{a + i, b + i}|{a, b} ∈ E(G)}, i ∈ Zn .
A (λKv,G)-design (X,B) is cyclic or 1-rotational if X = Zv or X = Zv−1 ∪ {∞}, respectively, and B + 1 ∈ B
whenever B ∈ B (where∞+ 1 = ∞ is understood).
Let Dn = {d ∈ Zn : 1 ≤ d ≤
⌊ n
2
⌋}. The elements of Dn are called differences of Zn . Let G be a graph with
V (G) ⊆ Zn ∪ {∞}. The list of differences of G is the multiset
4G = {a − b | a, b ∈ V (G)− {∞}, {a, b} ∈ E(G)}.
If B is a collection of copies of G with vertices in Zn ∪ {∞}, the list of differences of B is the multiset
4B =⋃B∈B 4B.
If the vertices of G are in Zn ∪ {∞}, the orbit of G under Zn is the set {G + i : i ∈ Zn}. To describe a cyclic or a
1-rotational (λKv,G)-design, it is sufficient to give a collection of base blocks, i.e. a system of representatives for its
orbits under Zv or Zv−1. Let B be a collection of copies of G with vertices in X . It is easy to see that:
1. if X = Zv and 4B = λDv , then the union of the orbits of the graphs of B under Zv is a cyclic (λKv,G)-design;
2. if X = Zv−1 ∪ {∞},4B = λDv−1, and∑B∈B dB(∞) = λ, where dB(∞) is the degree of∞ in B, then the union
of the orbits of the graphs of B under Zv−1 is a 1-rotational (λKv,G)-design.
A (λKv,G)-design is said to be balanced if each vertex belongs to exactly r blocks. A cyclic (λKv,G)-design
is a balanced (λKv,G)-design. Denote a balanced (λKv, P4)-design by (λKv, H4)-design. In [9] it is proved that
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the necessary condition λ(v − 1) ≡ 0 (mod 3) (i.e. v ≡ 1 (mod 3), for λ ≡ 1, 2 (mod 3), and every v ≥ 4, for
λ ≡ 0 (mod 3)) for the existence of a (λKv, H4)-design is also sufficient. In this paper, we construct a cyclic or
1-rotational (λKv, K3 + e)-design having a metamorphosis into a (λKv, P4)-design or (λKv, H4)-design when the
admissible conditions are satisfied.
In the following we use the notation Meta(K3 + e > H4, λ) to denote the set of all integers v such that there exists
a (λKv, K3 + e)-design having a metamorphosis into a (λKv, H4)-design.
2. λ = 1
Lemma 2.1. Meta(K3 + e > H4, 1) = {v : v ≡ 1, 16 (mod 24)} ⊆ Meta(K3 + e > P4, 1) = {v : v ≡
0, 1, 9, 16 (mod 24)}.
Proof. Assume that v ≡ 0 (mod 24): Let X = Z24s−1 ∪ {∞}, s > 0, and (X,B) be a 1-rotational (K24s, K3 + e)-
design with 3s base blocks as follows:
(12s − 1, 6s, 0)−∞,
(12s − 2− i, 6s + 1+ i, 0)− (6s − 2− 2i), 0 ≤ i ≤ 3s − 2.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(6s + 6i, 3i, 6s + 1+ 6i, 12s + 3+ 9i), 0 ≤ i ≤ s − 1.
The result is a (K24s, P4)-design.
Assume that v ≡ 1 (mod 24): Let X = Z24s+1, s > 0, and (X,B) be a cyclic (K24s+1, K3 + e)-design with 3s
base blocks as follows:
(12s − i, 6s + 1+ i, 0)− (6s − 2i), 0 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(6s + 1+ 6i, 3i, 6s + 2+ 6i, 12s + 5+ 9i), 0 ≤ i ≤ s − 1.
The result is a (K24s+1, H4)-design.
Assume that v ≡ 9 (mod 24): Let X = Z24s+9, and (X,B) be a cyclic (K24s+9, K3 + e)-design with 3s + 1 base
blocks as follows:
(9s + 4− i, 1+ 2i, 0)− (2+ 2i), 0 ≤ i ≤ 3s.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 8s+3 paths:
(3 j, 1+ 3 j, 2+ 3 j, 3+ 3 j), 0 ≤ j ≤ 8s + 2;
and s base P4-blocks:
(3+ 12i, 6i, 5+ 12i, 12+ 18i), 0 ≤ i ≤ s − 1.
The result is a (K24s+9, P4)-design.
Assume that v ≡ 16 (mod 24): Let X = Z24s+15 ∪ {∞}, and (X,B) be a 1-rotational (K24s+16, K3 + e)-design
with 3s + 2 base blocks as follows:
(9s + 6, 1, 0)−∞.
(9s + 7+ i, 3+ 2i, 0)− (2+ 2i), 0 ≤ i ≤ 3s.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 2(8s + 5)
paths:
(1+ 3 j, 3 j, 3+ 3 j, 2+ 3 j), (4+ 3 j, 1+ 3 j, 2+ 3 j, 5+ 3 j), 0 ≤ j ≤ 8s + 4;
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and s base P4-blocks:
(5+ 12i, 6i, 7+ 12i, 16+ 18i), 0 ≤ i ≤ s − 1.
The result is a (K24s+16, P4)-design. 
Remark. It is easy to note that for v ≡ 16 (mod 24) it is impossible to obtain a cyclic or 1-rotational (Kv, K3 + e >
H4)-design. The proof of Lemma 2.1 gives a 1-rotational (K24s+16, K3 + e)-design having a metamorphosis into a
non-balanced (K24s+16, P4)-design. The following lemma gives a (K24s+16, H4)-design from a non-cyclic and non-
1-rotational (λK24s+16, K3 + e)-design.
Lemma 2.2. {v : v ≡ 16 (mod 24)} ⊆ Meta(K3 + e > H4, 1).
Proof. Let X = (Z8s+5 × {0, 1, 2}) ∪ {∞}, and (X,B) be a (K24s+16, K3 + e)-design with base blocks in mod
(8s + 5,−) as follows:
(i) the 3(2s + 1) base blocks:
((4s + 2− j, i), (1+ j, i), (0, 1+ i))− (7s + 4− j, i), 0 ≤ j ≤ 2s, i = 0, 1, 2;
(ii) the 3s base blocks:
((4s + 2− j, 1+ i), ( j, 1+ i), (0, i))− (2+ 2 j, i), 0 ≤ i ≤ s − 1, i = 0, 1, 2;
(iii) the three base blocks:
((3s + 2, 1), (s, 1), (0, 0))− (2s + 2, 0),
((3s + 2, 2), (s, 2), (0, 1))−∞,
(∞, (s, 0), (0, 2))− (3s + 2, 0).
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 3s + 2
base P4-blocks:
((1, 0), (0, 1), (0, 2), (0, 0)),
((2, 1), (1, 2), (0, 0), (0, 1)),
((0, 2), (s, 0), (2s, 1), (3s, 2)), (s 6= 0),
((0, 2), (d, 1), (2d, 0), (3d, 2)), d = 2, 3, . . . , s + 1, (s ≥ 1),
((0, 1), (d, 0), (2d, 2), (3d, 1)), d = s + 2, s + 3, . . . , 2s + 1, (s ≥ 1),
((0, 0), (d, 1), (2d, 2), (3d, 0)), d = 1, 2, . . . , s − 1, (s ≥ 2).
The result is a (K24s+16, H4)-design. 
3. λ = 2
Lemma 3.1. Meta(K3 + e > H4, 2) = {v : v ≡ 1, 4 (mod 12)} ⊆ Meta(K3 + e > P4, 2) = {v : v ≡
0, 1, 4, 9, (mod 12)}.
Proof. Assume that v ≡ 0 (mod 12): Let X = Z12s−1 ∪ {∞}, s > 0, and (X,B) be a 1-rotational (2K12s, K3 + e)-
design with 3s base blocks as follows:
(∞, 1, 0)− 6s,
(6s − i, 1+ i, 0)− (6s − 2i), 1 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(1+ 6i, 3i, 2+ 6i, 5+ 9i), 0 ≤ i ≤ s − 1.
The result is a (2K12s, P4)-design.
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Assume that v ≡ 1 (mod 12): Let X = Z12s+1, s > 0, and (X,B) be a cyclic (2K12s+1, K3 + e)-design with 3s
base blocks as follows:
(6s, 1, 0)− (6s + 1),
(6s − i, 1+ i, 0)− (6s − 2i), 1 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(1+ 6i, 3i, 2+ 6i, 5+ 9i), 0 ≤ i ≤ s − 1.
The result is a (2K12s+1, H4)-design.
Assume that v ≡ 4 (mod 12): Let X = Z12s+3 ∪ {∞}, and (X,B) be a 1-rotational (K12s+4, K3 + e)-design with
base blocks as follows:
(i) the base block (∞, 1, 0)− (6s + 2);
(ii) the 3s base blocks:
(6s + 2− i, 1+ i, 0)− (6s + 2− 2i), 1 ≤ i ≤ 3s.
In order to obtain the metamorphosis write the orbit of (∞, 1, 0) − (6s + 2), as (∞, 1 + 3 j, 3 j) − (6s + 2 +
3 j), (2+ 3 j,∞, 1+ 3 j)− (6s+ 3+ 3 j), (3+ 3 j,∞, 2+ 3 j)− (6s+ 4+ 3 j), 0 ≤ j ≤ 4s; delete the edge between
the 2nd and 3rd elements in each kite, and rearrange the deleted edges into 4s + 1 paths:
(3 j, 1+ 3 j,∞, 2+ 3 j), 0 ≤ j ≤ 4s;
and s base P4-blocks:
(2+ 6i, 3i, 3+ 6i, 7+ 9i), 0 ≤ i ≤ s − 1.
The result is a (2K12s+4, H4)-design.
Assume that v ≡ 9 (mod 12): Let X = Z12s+9 and (X,B) be a cyclic (K12s+9, K3 + e)-design with base blocks
as follows:
(i) the two base blocks:
(6s + 4, 1, 0)− (6s + 5),
(6s + 3, 2, 0)− (6s + 7);
(ii) and the 3s base blocks:
(6s + 3− i, 2+ i, 0)− (6s + 2− 2i), 1 ≤ i ≤ 3s.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 2(4s+ 3)
paths:
(3 j, 1+ 3 j, 2+ 3 j, 3+ 3 j), (6 j, 2+ 6 j, 4+ 6 j, 6+ 6 j), 0 ≤ j ≤ 4s + 2;
and s base P4-blocks:
(3+ 6i, 3i, 4+ 6i, 9+ 9i), 0 ≤ i ≤ s − 1.
The result is a (2K12s+9, P4)-design. 
4. λ = 3
Lemma 4.1. Meta(K3 + e > H4, 3) = Meta(K3 + e > P4, 3) = {v : v ≡ 0, 1 (mod 8)}.
Proof. Assume that v ≡ 0 (mod 8): Let X = Z8s−1∪{∞}, s > 0, and (X,B) be a 1-rotational (3K8s, K3+e)-design
with base blocks as follows:
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(i) the three base blocks:
(0, 2s,∞)− 1,
(4s − 1, 2s, 0)− 4s,
(2s, 4s − 1, 0)− (2s − 1),
(ii) the s − 1 base blocks repeated three times;
(3s − 1+ i, 2i − 1, 0)− 2i, 1 ≤ i ≤ s + 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(∞, 2s, 0, 4s − 1),
(0, d, 2d, 3d), d = 1, 3, 5 . . . , 2s − 3.
The result is a (3K8s, H4)-design.
Assume that v ≡ 1 (mod 8): Let X = Z8s+1, s > 0, and (X,B) be a cyclic (3K8s+1, K3 + e)-design with the s
base blocks repeated three times:
(3s + i, 2i − 1, 0)− 2i, 1 ≤ i ≤ s.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(0, d, 2d, 3d), d = 1, 3, 5, . . . , 2s − 1.
The result is a balanced (3K8s+1, H4)-design. 
5. λ = 4
Lemma 5.1. Meta(K3 + e > H4, 4) = {v : v ≡ 1 (mod 3)} ⊆ Meta(K3 + e > P4, 4) = {v : v ≡ 0, 1 (mod 3)}.
Proof. Assume that v ≡ 0 (mod 6): Let X = Z6s−1∪{∞}, s > 0, and (X,B) be a 1-rotational (4K6s, K3+e)-design
with 3s base blocks as follows:
(∞, 1, 0)− (6s − 2),
(∞, 2, 0)− (6s − 3),
(6s − i, 1+ i, 0)− (6s − 2i), 2 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(3+ 6i, 3i, 2+ 6i, 3+ 9i), 0 ≤ i ≤ s − 1.
The result is a (4K6s, P4)-design.
Assume that v ≡ 1 (mod 6): Let X = Z6s+1, s > 0, and (X,B) be a cyclic (4K6s+1, K3 + e)-design with 3s base
blocks as follows:
(2, 1, 0)− 6s,
(6s − i, 1+ i, 0)− (6s − 2i), 1 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(1+ 6i, 3i, 2+ 6i, 5+ 9i), 0 ≤ i ≤ s − 1.
The result is a (4K6s+1, H4)-design.
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Assume that v ≡ 3 (mod 6): Let X = Z6s+3, s > 0, and (X,B) be a cyclic (K6s+3, K3 + e)-design with 3s + 1
base blocks as follows:
(2, 1, 0)− (6s + 2),
(6s + 1− i, 2+ i, 0)− (6s − 2i), 0 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 2s+1 paths:
(3 j, 1+ 3 j, 2+ 3 j, 3+ 3 j), 0 ≤ j ≤ 2s;
and s base P4-blocks:
(2+ 6i, 3i, 3+ 6i, 7+ 9i), 0 ≤ i ≤ s − 1.
The result is a (4K6s+3, P4)-design.
Assume that v ≡ 4 (mod 6): Let X = Z6s+3 ∪ {∞}, and (X,B) be a 1-rotational (4K6s+4, K3 + e)-design with
base 3s + 2 blocks as follows:
(2, 0,∞)− 1,
(2, 1, 0)−∞,
(4, 1, 0)− 6s,
(6s − i, 1+ i, 0)− (6s − 2i), 1 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into 2(2s + 1)
paths:
(∞, 3 j, 1+ 3 j, 2+ 3 j), (1+ 3 j,∞, 2+ 3 j, 3+ 3 j), 0 ≤ j ≤ 2s;
and s base P4-blocks:
(1+ 6i, 3i, 2+ 6i, 5+ 9i), 0 ≤ i ≤ s − 1.
The result is a (4K6s+4, H4)-design. 
6. λ = 6
Lemma 6.1. Meta(K3 + e > H4, 6) = Meta(K3 + e > P4, 6) = {v : v ≡ 0, 1 (mod 4)}.
Proof. Assume that v ≡ 0 (mod 4): Let X = Z4s−1∪{∞}, s > 0, and (X,B) be a 1-rotational (6K4s, K3+e)-design
with base blocks as follows:
(i) the base blocks:
(2s − 1,∞, 0)− 2s (twice),
(∞, 2s, 0)− (2s − 1);
(ii) the s − 1 base blocks repeated three times:
(2s − 1− i, i, 0)− (2s − 1+ 2i), 1 ≤ i ≤ s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(1,∞, 0, 2s),
(0, d, 2d, 3d), 1 ≤ d ≤ s − 1.
The result is a (6K4s, H4)-design.
Assume that v ≡ 1 (mod 4): Let X = Z4s+1, s > 0, and (X,B) be a cyclic (6K4s+1, K3 + e)-design with base
blocks as follows:
(i) the base block (2s, 1, 0)− (2s + 1) repeated three times;
(ii) the s − 1 base blocks repeated three times:
(2s − i, 1+ i, 0)− (2s + 1+ 2i), 1 ≤ i ≤ s − 1.
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Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks: (0, d, 2d, 3d), d = 1, 2, . . . , s.
The result is a (6K4s+1, H4)-design. 
7. λ = 12
Lemma 7.1. Meta(K3 + e > P4, 12) = Meta(K3 + e > H4, 12) = {v : v ≥ 4}.
Proof. Assume that v ≡ 2, 4 (mod 6): Let X = Z2s−1 ∪ {∞}, s 6≡ 0 (mod 3) and s > 1, and (X,B) be a 1-rotational
(12K2s, K3 + e)-design with base blocks as follows:
(i) the two base blocks repeated three times:
(0, 2s − 2,∞)− 1,
(2s − 2, 1, 0)−∞;
(ii) the s − 2 base blocks repeated three times:
(2s − 1− i, i, 0)− (2s − 2i), 2 ≤ i ≤ s − 1.
(We remark that the condition s 6≡ 0 (mod 3) is necessary otherwise there is a block containing a repeated vertex.)
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into the base
P4-blocks (2s − 2,∞, 0, 1) and (∞, 1, 2, 3), plus the s − 2 base P4-blocks:
(2, 0, s − 1, 2s − 2),
(d + 1, 0, d, 2d), for d = 2, 3, . . . , s − 2.
The result is a (12K2s, H4)-design.
Assume that v ≡ 0 (mod 6): Let X = Z6s−1 ∪ {∞}, s > 0, and (X,B) be a 1-rotational (12K6s, K3 + e)-design
with base blocks as follows:
(i) the two base blocks repeated three times:
(0, 2,∞)− 1,
(2, 1, 0)−∞;
(ii) the 3s − 2 base blocks repeated three times:
(6s − i, 1+ i, 0)− (6s − 2i), 2 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into the base
P4-blocks (2,∞, 0, 1), (∞, 1, 2, 3), and (0, 3, 6, 9), plus the s − 1 base P4-blocks repeated three times:
(6+ 6i, 3i, 5+ 6i, 9+ 9i), 0 ≤ i ≤ s − 2.
The result is a (12K6s, H4)-design.
Assume that v ≡ 1, 5 (mod 6): Let X = Z2s+1, s 6≡ 1 (mod 3) and s > 1, and (X,B) be a cyclic
(12K2s+1, K3 + e)-design with base blocks as follows:
(i) the two base blocks repeated three times:
(1, 2, 0)− (2s − 1),
(2s, 3, 0)− (2s − 2);
(ii) the s − 2 base blocks repeated three times:
(2s − i, 3+ i, 0)− (2s − 2− 2i), 1 ≤ i ≤ s − 2.
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Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into s base
P4-blocks:
(2, 0, s + 1, 1)
(d + 1, 0, d, 2d), for d = 2, 3, . . . , s.
The result is a (12K2s+1, H4)-design.
Assume that v ≡ 3 (mod 6): Let X = Z6s+3, s > 0, and (X,B) be a cyclic (12K6s+3, K3 + e)-design with 3s + 1
base blocks repeated three times:
(2, 1, 0)− (6s + 2),
(6s + 1− i, 2+ i, 0)− (6s − 2i), 0 ≤ i ≤ 3s − 1.
Delete the edge between the 2nd and 3rd elements in each base kite, and rearrange the deleted edges into the base
P4-block (0, 1, 2, 3), and s base P4-blocks repeated three times:
(2+ 6i, 3i, 3+ 6i, 7+ 9i), 0 ≤ i ≤ s − 1.
The result is a (12K6s+3, H4)-design. 
8. Concluding remarks
To obtain solutions for λ = 5, 7, 8, 9, 10, 11 it is sufficient to paste suitably copies of (µKv, K3 + e > P4)-design
or (µKv, K3 + e > H4)-design, where µ ∈ {1, 2, 3, 4}. For any value of λ = 12k + h where 0 ≤ h ≤ 11, combine k
copies of a (12Kv, K3 + e > H4)-design with a (hKv, K3 + e > P4)-design or (hKv, K3 + e > H4)-design.
Combining all our results gives the main theorem.
Theorem 8.1. The necessary conditions for the existence of a (λKv, K3 + e > P4)-design ((λKv, K3 + e > H4)-
design) are also sufficient.
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